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Immirzi Ambiguity in the Kinematics of Quantum General Relativity
Luis J. Garay and Guillermo A. Mena Maruga´n
Centro de F´ısica Miguel A. Catala´n, I.M.A.F.F., C.S.I.C., Serrano 121, 28006 Madrid, Spain
The Immirzi ambiguity arises in loop quantum gravity when geometric operators are represented
in terms of different connections that are related by means of an extended Wick transform. We
analyze the action of this transform in gravity coupled with matter fields and discuss its analogy
with the Wick rotation on which the Thiemann transform between Euclidean and Lorentzian gravity
is based. In addition, we prove that the effect of this extended Wick transform is equivalent to a
constant scale transformation as far as the symplectic structure and kinematical constraints are
concerned. This equivalence is broken in the dynamical evolution. Our results are applied to the
discussion of the black hole entropy in the limit of large horizon areas. We first argue that, since the
entropy calculation is performed for horizons of fixed constant area, one might in principle choose
an Immirzi parameter that depends on this quantity. This would spoil the linearity with the area
in the entropy formula. We then show that the Immirzi parameter appears as a constant scaling
in all the steps where dynamical information plays a relevant role in the entropy calculation. This
fact, together with the kinematical equivalence of the Immirzi ambiguity with a change of scale, is
used to preclude the potential non-linearity of the entropy on physical grounds.
PACS numbers: 04.60.Ds, 04.20.Fy, 04.70.Dy
I. INTRODUCTION
The formulation of general relativity in terms of con-
nection variables, introduced by Ashtekar [1, 2], consti-
tutes one of the most promising approaches to the quan-
tization of gravity. In the Ashtekar formalism, the gravi-
tational field is described by a complex SU(2) connection
and a canonically conjugate, densitized SU(2) soldering
form. The shift of emphasis from geometrodynamics to
connection dynamics allows the import of techniques em-
ployed in the quantization of gauge field theories, pro-
viding a common mathematical language for the anal-
ysis of quantum gravity and matter. In addition, the
expressions of the gravitational constraints in Ashtekar
variables are extremely simple, raising renewed hopes for
their resolution in the quantum theory.
The price to be paid is that the Ashtekar connection
is complex for Lorentzian general relativity. This leads
to serious technical and conceptual difficulties, both ow-
ing to the lack of a suitable mathematical machinery to
deal with the complex SU(2) group and because the real
part of the Lorentzian connection turns out to depend on
the densitized soldering form, a fact that is incorporated
in the quantization program by imposing the so-called
reality conditions [2, 3].
In order to circumvent these problems, essentially two
different avenues have been followed. A possible solu-
tion was proposed by Thiemann, who showed that the
Lorentzian and Euclidean sectors of Ashtekar gravity can
be related by an automorphism on the algebra of func-
tions on phase space [4, 5]. This automorphism, often
called the Thiemann transform, can be regarded as the
composition of a Wick transform and a complex con-
stant scale transformation [6, 7]. It maps the Lorentzian
to the Euclidean constraints and, more importantly, the
Ashtekar connection of Lorentzian general relativity to
its Euclidean counterpart, which is real. Nonetheless,
the complications show up when one tries to implement
the Thiemann transform quantum mechanically.
The other possibility was put forward by Barbero. He
proved the existence of a (generalized) canonical transfor-
mation that converts the Lorentzian complex connection
into a real connection [8] (which we will call the Ashtekar-
Barbero connection from now on). The only drawback of
this change of phase-space variables is that the expression
of the Hamiltonian constraint loses its original simplicity.
But this relative complication is overwhelmingly compen-
sated for by the availability of the real SU(2) group as
the operationally relevant gauge group.
This real connection formalism has been extensively
used for the quantization of general relativity, mainly in
the framework of loop quantum gravity [9]. Actually, the
Ashtekar-Barbero connection can easily be generalized to
a one-parameter family of real connections, all of them
related by means of canonical transformations [8, 10].
The associated parameter is usually called the Immirzi
parameter, and we will denote it by γ. The remarkable
point noticed by Immirzi is that the physical predictions
of the quantum theory depend on γ. This is something
striking, because the Immirzi parameter designates just
equivalent descriptions of the same phase space. From
a classical point of view, its value does not affect the
physics. Quantum mechanically, however, there exists
an ambiguity in γ that appears, e.g., as a multiplicative
constant in the area spectrum [10].
Recently, a radically different alternative to the Ashte-
kar-Barbero formulation has been suggested which is ap-
parently free of the Immirzi ambiguity. This alternative
consists in developing a manifestly Lorentz invariant for-
malism [11]. By retaining the full Lorentz group, one
ensures that the choice of quantization scheme does not
result in the appearance of anomalies, which could cause
the Immirzi ambiguity. In addition, this approach pre-
serves the correct spacetime interpretation of the gravi-
2tational variables. In this sense, it is worth commenting
that the Ashtekar-Barbero connection has been proved
not to transform as the pull-back of a spacetime con-
nection under diffeomorphisms which are normal to the
sections of constant time [12]. However, the formalism
and phase space of this Lorentz invariant approach are
much more intricate than those of the original Ashtekar-
Barbero theory, and further progress is needed to extract
and comprehend its physical predictions.
Since the family of real connections obtained by Im-
mirzi leads to different quantum results, it is clear that
the canonical transformations that relate these connec-
tions cannot be implemented unitarily [13]. This ob-
struction for unitarity is not well understood. To shed
some light on its origin, the Immirzi ambiguity has been
compared with other quantum ambiguities or anomalies.
Rovelli and Thiemann [13] have tried to construct a fi-
nite dimensional analogue, but their attempt seems to
have been unsuccessful [14]. In fact, if one could asso-
ciate an independent Immirzi ambiguity with every de-
gree of freedom (a finite dimensional system), the am-
biguity in general relativity would admit an extension
from a constant parameter to two functions of the spatial
position [12]. However, this hypothetical extension con-
flicts with diffeomorphism invariance [15]. On the other
hand, Corichi and Krasnov have discussed the possible
parallelism between the Immirzi ambiguity and a factor
ambiguity that appears in the electric charge of Maxwell
theory [16]. But, among standard quantum field theories,
the closest similarity is probably found with the θ ambi-
guity of Yang-Mill theories [17]. Unlike what happens in
that case, however, the Immirzi ambiguity does not arise
as a consequence of a multiply connected configuration
space [14, 18]. In this situation, further investigation is
required to clarify the roots and implications of the Im-
mirzi ambiguity in quantum gravity.
Some proposed interpretations of this ambiguity have
been considered and criticized by Rovelli and Thiemann
[13], among them the possibility that the Immirzi param-
eter amounts to multiplying the classical action by a con-
stant factor. Although both ambiguities are not equiv-
alent, a relation between them should not be discarded.
The main reason is that, as pointed out by Rainer [19],
the semiclassical predictions of quantum gravity may lead
to subtle differences between what we call the Planck
length in low-energy physics, ℓp, and what constitutes the
fundamental length scale in the quantum theory, ℓ∗. This
fundamental length is determined by the overall factor
that multiplies the symplectic structure [20] (or, equiva-
lently, the Poisson brackets). We will return to this issue
later in our work.
In connection with the above comments, it has been
argued that the Immirzi parameter plays simply the role
of a scaling of the Planck length. Since γ appears as a
global factor in the spectrum of the area operators [10],
the Planck length would be multiplied by
√
γ. However,
the scalar constraint displays a non-homogeneous depen-
dence on γ that seems to conflict with this interpretation
[17]. One of the aims of the present paper is to discuss
the actual relation between the Immirzi ambiguity and a
constant scale transformation. We will prove that there
indeed exists an equivalence if one restricts all consider-
ations to the kinematics of the Ashtekar-Barbero formu-
lation, i.e., if one disregards dynamics. This analysis will
be carried out in gravity with matter fields [3], so that
we can also clarify the extent to which the Immirzi am-
biguity is or is not affected by the introduction of matter
(see the preliminary discussion in Ref. [17]).
We will also discuss the implications of our results for
one of the most outstanding predictions of loop quan-
tum gravity: the entropy formula of a quantum black
hole. This entropy is calculated assuming a horizon with
fixed area A and adopting a loop quantization with given
Immirzi parameter [21, 22, 23]. Apparently, therefore,
nothing prevents the value of γ from depending on A.
This would destroy the linear dependence on the area
in the deduced entropy [21, 22]. A way out of this co-
nundrum turns out to be provided by the kinematical
equivalence between a change in γ and a change of scale.
As we will show, this equivalence allows one to regain the
Bekenstein-Hawking formula.
The paper is organized as follows. In Sec. II we suc-
cinctly describe the Ashtekar formalism for gravity cou-
pled with matter fields. The real Ashtekar-Barbero con-
nection is introduced in Sec. III, where we also revisit
the action of constant changes of scale and of some suit-
able extensions of the Wick and Thiemann transforms. In
addition, we analyze the relation between these extended
transforms and the canonical transformations introduced
by Immirzi. Then, we prove in Sec. IV that the Immirzi
ambiguity amounts to a constant scaling as far as the
kinematics of general relativity is concerned. The physi-
cal consequences of this equivalence are analyzed in Sec.
V. In particular, we show that the effect of the Immirzi
ambiguity in the formula of the black hole entropy can
be absorbed into a change of length scale. Our conclu-
sions are summarized in Sec. VI. Finally, an Appendix
is added where we include the expression of the scalar
constraint in the presence of matter fields and study how
it is affected by the Immirzi ambiguity.
II. GRAVITY WITH MATTER FIELDS
Let us briefly review the Hamiltonian formulation of
general relativity in the presence of matter fields [2, 3].
We will consider a matter content consisting of a massive
scalar field φ, massive spin-1/2 fields ξA and η¯A, and a
Yang-Mills connection Aa. All these fields are defined on
a certain three-manifold, and we will collectively denote
them as {qk}. We call {pk} their respective canonical
momenta {πφ, ρA, ωA,Ea}. By canonically conjugate we
mean variables whose Poisson bracket is the identity mul-
tiplied by 8πℓ2∗, with ℓ∗ =
√
G~. Here, ~ is the Planck
constant (i.e., the fundamental quantum of action), G
is the true Newton constant that appears in the grav-
3itational action [20], and we have taken c = 1. Our
notation is very similar to that introduced in Ref. [7].
Internal Yang-Mills indices are not displayed, and spa-
tial indices are denoted with lowercase Latin letters from
the beginning of the alphabet. Capital Latin letters, on
the other hand, designate SU(2) spinors when used as in-
dices. They are raised and lowered with the alternating
tensors ǫAB and ǫAB [2]. Whenever they are not neces-
sary for understanding the formulas, we will also suppress
them.
As for the gravitational part of the phase space, it
can be described by the canonical pair (a BaA , i
√
2σa BA ),
where aa is the (complex) SU(2) Ashtekar connection
and σa is the densitized soldering form [2]. The Ashtekar
connection can be written as aa = Γa − iVa, where Γa
denotes the spin connection compatible with σa, and
Va = Ka + iCa, with Ka and Ca being the extrinsic-
curvature and fermionic contributions [2, 7]:
Ka =
Kabσ
b
√
2σ
,
C ABa =
−i
4
√
2
(σ ACa y
B
C + σ
BC
a y
A
C ). (2.1)
In this formula, Kab is the extrinsic curvature, σa is the
inverse of σa, σ = [det(−tr{σaσb})]1/4, and
yAB = ρAξB + ωAη¯B. (2.2)
For the action proposed by Ashtekar, Romano and
Tate [2, 3], the explicit expressions of the kinematical
constraints are the following:
G = g−1DaE
a,
GAB = i
√
2D˘aσaAB − y(AB), (2.3)
Va = −i
√
2tr(σbFab)− ρAD˘aξA − ωAD˘aη¯A
−πφ∂aφ− 1
2
tr(EbBab).
Here, G and G are the Gauss constraints associated
with the Ashtekar and Yang-Mills connections (the latter
scaled by the Yang-Mills coupling constant g−1 as com-
pared with that in Ref. [2]), and Va is the vector con-
straint. The scalar constraint is given in the Appendix.
We will denote as {χl} this set of kinematical con-
straints {G,G,Va}. In their expressions, Da is the deriva-
tive operator associated with the Yang-Mills connection
and Bab is twice its curvature,
DaE
a = ∂aE
a + g[Aa,E
a], (2.4)
Bab = 2(∂aAb − ∂bAa + g[Aa,Ab]). (2.5)
In addition, D˘a is the derivative operator associated with
the Ashtekar connection and Fab is its curvature,
D˘aξA = ∂aξA − a Aa BξB,
Fab = ∂aab − ∂baa + [aa, ab]. (2.6)
It is worth noting that the only coupling constant on
which the kinematical constraints depend is the Yang-
Mills one, g. As we show in the Appendix, the scalar con-
straint depends not just on g, but also on the fermionic
mass m and the scalar field mass µ. Besides, it contains
the cosmological constant Λ, if we allow for a cosmologi-
cal term in the Hamiltonian. We will generically refer to
such parameters as coupling constants and denote their
set as κ := {g,m, µ,Λ}. Finally, the line element can be
expressed in terms of the soldering form, the shift vec-
tor Na and the densitized lapse function N (with weight
equal to −1) as
ds2 = −σ2N2dt2 + hab(dxa +Nadt)(dxb +N bdt),
(2.7)
the metric hab being the inverse of h
ab = −σ−2tr(σaσb).
III. ASHTEKAR-BARBERO CONNECTIONS
The Ashtekar connection is not real for two reasons.
First, because it is a complex linear combination of the
spin connection Γa and the momenta of the soldering
forms Va = Ka+iCa. Second, because these momenta Va
are genuinely complex when fermions are present [2, 7].
With the aim of addressing the former of these issues, we
introduce the connections
γaa = Γa − γVa, (3.1)
where γ > 0 is the Immirzi parameter. Since our defini-
tion reproduces that of Ref. [8] in the absence of matter,
we will call γaa the Ashtekar-Barbero connections. It
should however be clear that such connections are not
real when fermions are allowed. The canonically conju-
gate momenta of −√2 γaa are γσa = γ−1σa.
Formulations with different values of the Immirzi pa-
rameter γ are related by an extended Wick transform Rγ
[7, 24] such that
Rγ ◦ 1aa = γaa, Rγ ◦ qk = qk,
Rγ ◦ σa = σa, Rγ ◦ pk = γpk. (3.2)
Note that the action on the gravitational connection can
be rephrased as Rγ ◦ Va = γVa. Similarly to the in-
terpretation accepted for the case of the (inverse) Wick
rotation, where γ would be equal to −i, the simultaneous
multiplication by γ of Va and all the momenta of the mat-
ter fields can be regarded as the consequence of a scaling
of the lapse [7]. Consequently, the action of Rγ on phase
space is supplemented with the following transformation
laws on the lapse and shift [25]:
Rγ ◦N = γ−1N, Rγ ◦Na = Na. (3.3)
In addition, it seems natural to admit that the transform
does not affect the coupling constants, Rγ ◦ κ = κ.
This extended Wick transform does not preserve the
symplectic structure. However, as in the case that leads
4to the Thiemann transform [7], one can complement the
extended Wick transform with a constant scale transfor-
mation and construct a symplectomorphism that relates
formulations with different values of γ. To show how
this can be done, let us first introduce the constant scale
transformations:
Cβ ◦X = βD(X)X. (3.4)
Here, D(X) is the dimension of X (a generic field or
parameter). Adopting the convention that the dimen-
sionality of the line element is carried by the metric and
not by the coordinates, it is possible to show that [7]
D(1aa) = 0, D(q
k) = (−1)2sksk,
D(σa) = 2, D(pk) = 2− (−1)2sksk,
D(N) = −2, D(Na) = 0,
D(Λ) = −2, D(m) = D(µ) = D(g) = −1.
(3.5)
In these formulas, sk denotes the spin of the field q
k.
We have now all the ingredients necessary to construct
the extended Thiemann transform Tγ :
Tγ := Cγ−1/2 ◦Rγ . (3.6)
Its action on phase space is
γaa := Tγ ◦ 1aa = Γa − γVa,
γσa := Tγ ◦ σa = γ−1σa,
γqk := Tγ ◦ qk = γ−(−1)
2sksk/2qk,
γpk := Tγ ◦ pk = γ(−1)
2sksk/2pk. (3.7)
The standard Thiemann transform would be attained
with γ = −i, except for the fact that our extended trans-
form not only acts on fields but also on coupling con-
stants. Actually, for γ = −i, Tγ reproduces the modifi-
cation of the Thiemann transform proposed in Ref. [5],
which has a nontrivial effect on κ [7]. We have
Tγ ◦ κ = γ−D(κ)/2κ. (3.8)
From the above equations, we see that our extended
Thiemann transform preserves the canonical Poisson
brackets and canonically implements the change from one
Ashtekar-Barbero connection to another. Note also that
Tγ leaves invariant the shift and densitized lapse,
Tγ ◦N = N, Tγ ◦Na = Na. (3.9)
Therefore,
γds2 := Tγ ◦ ds2 = −σ2γ−3N2dt2
+ γ−1hab(dx
a +Nadt)(dxb +N bdt), (3.10)
i.e., it amounts to a constant scale transformation of the
line element plus a change of lapse.
Introducing an index α to denote the different fields
present in the theory (gravitational, scalar, fermionic,
and Yang-Mills fields), the extended Thiemann transform
can be further generalized to
T{γα} =
∏
α
Tαγα , (3.11)
where Tαγα is the restriction of Tγα to the field α (viewed
as a canonical pair of phase-space variables) and its as-
sociated coupling constant κα. In other words, we may
allow each field α to transform according to its own pa-
rameter γα.
It is easy to check that, when acting on phase-space
variables, the transformation T{γα} is generated via Pois-
son brackets by [7]
T{γα} =
i
2
∑
α
ln γαD(q
α)
∫
d3x pαq
α, (3.12)
where {qα} denotes the set of variables {−√2σa, qk},
their canonically conjugate variables {Va, pk} are denoted
as {pα}, and traces over SU(2) and Yang-Mills indices
are implicitly assumed. The generator of the standard
Thiemann transform is obtained for γα = −i, ∀α [7].
As mentioned above, the connections γaa are still com-
plex in the presence of fermions, because Va then has
a non-vanishing imaginary contribution. More precisely,
let us use the Pauli matrices τ j BA (with j = 1, 2, 3) to
express the Ashtekar-Barbero variables in the form [2]
γσa = − i√
2
γσaj τ
j , γaa = − i
2
γajaτ
j , (3.13)
where σaj = γ
γσaj is the densitized triad. It turns out
that the imaginary part of V ja = itr(Vaτ
j) can be taken
equal to −iσjatr(y)/4 [7], which differs from zero when
the system includes fermions. In that case, one can still
recover a real connection by simply replacing γaja with its
real part, namely, with
γAja =
γaja +
γσja
4
tr(γy). (3.14)
Here, we have employed that y = γy and γσa =
γσa.
More importantly, it is not difficult to check that the
above change of connections can indeed be promoted to
a canonical transformation by introducing the following
new set of fermionic variables [7]:
{γξ′, γρ′, γη¯′, γω′} = {
√
γσ γξ, γρ/
√
γσ,
√
γσ γη¯, γω/
√
γσ},
with γσ =
√
det(γσaj ). In this way, one attains the de-
sired description of the gravitational field in terms of
a real SU(2) connection while preserving the canonical
structure on phase space. Finally, note that from the
definition of the new fermionic fields and the connection
γAa, the extended Thiemann transform continues to map
canonical variables with γ = 1 to their counterpart with
a generic value of the positive parameter γ.
5IV. KINEMATICS AND IMMIRZI AMBIGUITY
The kinematical constraints (2.3) can be written in
terms of the real connections γAa and the rest of the new
canonical variables introduced in the previous section.
After some calculations that involve the compatibility
between the spin connection and the soldering form, the
Bianchi identities, and the relations between Pauli ma-
trices (τ jτk) BA = iǫ
jklτ l BA + δ
jkδ BA [2], the constraints
become
G = γg−1γDa
γ
E
a := γG,
GAB = −
√
2 γDaγσaAB − γy′(AB) := γGAB, (4.1)
Va = γVa + i
4
√
2γ
tr(γy′)tr(γG γσa) + i
γ
tr[γG(Γa−γAa)],
where γDa is the derivative operator associated with the
connection γAa,
γFab is its curvature, and
γVa :=
√
2 tr(γσb γFab)− 1
2
(
γρ′A
γDaγξ′A + γω′AγDaγη¯′A
)
+
1
2
(
γDaγρ′A γξ′A + γDaγω′A γη¯′A
)− γπφ∂aγφ
− 1
2
tr(γEbγBab)− tr[γG(Γa − γAa)]. (4.2)
In addition, γy′(AB) is the counterpart of expression (2.2)
for the new fermionic variables, and γDa
γEa and γBab
stand for the result of evaluating Eqs. (2.4) and (2.5),
respectively, at the scaled Yang-Mills variables (γAa,
γEa)
employing the new coupling constant γg := Cγ−1/2 ◦ g.
We hence see that the physical constraints of Lorentz-
ian general relativity {χl} = {G,G,Va} are equivalent to
the new constraints {γχl} = {γG, γG, γVa}. We can there-
fore use the latter as the kinematical constraints in the
real connection formulation. Furthermore, note that the
functional dependence of γχl on the corresponding set
of canonical variables, specified by the parameter γ, is
the same for all values of γ provided that the Yang-Mills
coupling constant is also scaled with this parameter (ac-
cording to the definition of γg). Actually, this property
continues to hold even when we allow the parameter γ to
take different values for each of the fields that are present
in the system, namely, when the canonical variables and
coupling constants denoted with the index γ are in fact
those obtained with the set of parameters {γα} intro-
duced in Eq. (3.11).
It is now straightforward to check that the extended
Thiemann transform T{γα} leaves the kinematical struc-
ture invariant. We have already seen that the transform
preserves the canonical Poisson brackets. Then, we only
have to show that it does not alter the kinematical con-
straints. By construction, T{γα} maps the canonical set
of variables (and the coupling constants) with γ = 1 to
those with parameters {γα}; so, T{γα}◦1χl = γχl with our
notation. But Eqs. (4.1) ensure that {γχl} is equivalent
to {1χl}. The set of constraints {1χl} is thus invariant
under the extended Thiemann transform. As a conse-
quence, we can identify the symplectomorphism T{γα}
with the identity transformation at the kinematical level.
Since, T{γα} ≡ 1 as far as the kinematical structure
is concerned, the action of the transforms R{γα} and
C
{γ
1/2
α }
can be regarded as equivalent at this level. It is
worth noting that the latter of these transforms amounts
to a constant change of scale if (and only if) γα = γ, ∀α.
To see this point clearly, it is convenient to introduce
a formalism in which all fields and coupling constants
(that we denote generically by the symbol X) are dimen-
sionless. This can be accomplished by introducing the
universal length scale ℓ∗ and defining
∗X := ℓ
−D(X)
∗ X , so
that
C
γ
−1/2
α
◦ ∗X = ∗X and C
γ
−1/2
α
◦ ℓ∗ = γ−1/2α ℓ∗. (4.3)
Obviously, the scaling transformations of ℓ∗ for each kind
of field α are incompatible unless all the parameters γα
coincide. Then, in the case γα = γ ∀α, we see that
the action of the extended Wick transform can indeed
be interpreted as a constant scale transformation if we
restrict ourselves to kinematical considerations:
Rγ ≡ Cγ1/2 . (4.4)
The main reason underlying this result is that both
the constraints 1χl and the fundamental non-vanishing
Poisson brackets have the same dimension (namely, 2),
as well as the same degree of homogeneity (namely, 1) in
the variables
{Pα} := {Γa − 1Aa, πφ, 1ρ′, 1ω′,Ea}, (4.5)
up to terms that vanish because of the Bianchi identities
or the compatibility of the triad with the spin connection.
Notice that the extended Wick transform Rγ multiplies
each of the elements in {Pα} by a factor of γ while leaving
invariant their canonically conjugate variables
{Qα} := {−
√
2σa, φ, 1ξ′, 1η¯′,Aa}. (4.6)
We now want to discuss the implications of the equiv-
alence (4.4) for the Immirzi ambiguity that arises in loop
quantum gravity at the kinematical level. With this aim,
let us consider an (abstract) operator ϑ(σ) constructed
from the soldering form, its dimension being D(ϑ). We
assume that this operator is an observable, at least from
a kinematical point of view. Let us call Sp[ϑ(σ)] and
Spγ [ϑ(σ)] its spectra in the loop representations based,
respectively, on the real connections 1Aa and
γAa, adopt-
ing in both cases as configuration variables for the matter
fields the elements of {Qα} other than the soldering form.
Since Rγ ◦Qα = Qα and Rγ ◦ 1Aa = γAa, the two repre-
sentations are related via the extended Wick transform.
Using in our kinematical analysis that Rγ ≡ Cγ1/2 , one
concludes that the spectrum Spγ [ϑ(σ)] is the image of
Sp[ϑ(σ)] under a constant scale transformation: namely,
Spγ [ϑ(σ)] = Sp[Cγ1/2 ◦ ϑ(σ)] = γD(ϑ)/2Sp[ϑ(σ)]. (4.7)
6This spectrum is obviously different from Sp[ϑ(σ)] if it
contains a discrete component, as happens for instance
for the area operator [26].
The discrepancy between the spectra of geometric op-
erators in the loop representations obtained with differ-
ent connections γAa is called the Immirzi ambiguity [10].
As we have seen, the ambiguity existing in vacuo per-
sists also in the presence of matter fields. But much
more importantly, our discussion shows that, owing to
the relation Rγ ≡ Cγ1/2 , the Immirzi ambiguity can be
considered equivalent to a constant scale transformation
at the kinematical level.
We should note that the presence of matter has intro-
duced a subtle modification in our analysis with respect
to the pure gravitational situation. As a result of a di-
rect extrapolation of the conclusions for vacuum gravity,
the Immirzi ambiguity is usually thought to arise in loop
representations that are related by a transform like Rγ ,
but restricted to act only on the gravitational field. With
the notation of Sec. III, this would correspond to the re-
placement of γ with a collection of parameters {γα} (one
for each field) such that they all equal the unity except
for the gravitational component. The remarkable point
is that the same Immirzi ambiguity appears when the
extended Wick transform acts on all fields with identical
value of γ. Moreover, as we have proved, the transform
can be consistently interpreted in this case, from a kine-
matical point of view, as a constant scale transformation
that equally affects all fields and parameters, not only
those associated with the gravitational sector.
Finally, it should be stressed that the equivalence be-
tween the extended Wick transform (whose implemen-
tation results in the Immirzi ambiguity) and a constant
scale transformation is only valid for kinematical consid-
erations. Indeed, as shown in the Appendix, the scalar
constraint is not invariant under the action of Tγ . There-
fore, the equivalence does not hold dynamically and, con-
sequently, the Immirzi ambiguity cannot be associated
with the multiplication of the classical action by a con-
stant (removable by means of a change of scale) when
dynamics is taken into account [13, 17].
V. BLACK HOLE ENTROPY
A particular example of a geometric operator with a
discrete spectrum is that representing the area A of an
isolated horizon in loop quantum gravity [22, 26]. Since
the dimension of the area operator is 2, Eq. (4.7) gives
the relation between the eigenvalues A(J) and Aγ(J) in
the respective loop representations with connections 1Aa
and γAa:
Aγ(J) = γA(J). (5.1)
Here, the symbol J labels the different eigenvalues of the
spectrum.
The explicit form of the area spectrum for an isolated
horizon, which is deduced from purely kinematical con-
siderations, is one of the keystones in the calculation of
the statistical entropy S of a black hole, obtained in the
Ashtekar approach by counting degrees of freedom in the
Hilbert space of loop quantum gravity. An important
point in this deduction of the black hole entropy is that,
since the full theory of quantum gravity is not known,
the calculation is carried out by studying only the sector
of isolated horizons with constant area A. This sector
is quantized in a loop representation with a certain Im-
mirzi parameter γ. In the limit of a large horizon area,
the resulting entropy is [21, 22]
S =
γ0A
4γℓ2∗
, with γ0 =
ln 2
π
√
3
. (5.2)
To recover the Bekenstein-Hawking formula S = A/(4ℓ2p)
(where ℓp is the Planck length of low-energy physics), it
is then argued that the Immirzi parameter must be fixed
so that γℓ2∗ = γ0ℓ
2
p. In particular, if ℓ∗ and ℓp coincide, γ
must be chosen equal to γ0 in order to reach an acceptable
semiclassical prediction.
There is however a potential loophole in the above
line of reasoning that had remained unperceived so far.
Namely, since the calculation of the black hole entropy is
performed for a fixed value of the horizon area and with
a certain choice of the Immirzi parameter, there seems
to be no obstacle to select γ in terms of A, so that γ
becomes in practice a function of this quantity. Obvi-
ously, this would spoil the linear relation between the
entropy and the area. A way out of this problem consists
in proving that the appearance of the Immirzi parameter
in the entropy formula amounts in fact to a change of
scale. As we will show, imposing that the Planck scale
be unique for all the observers that carry out the mea-
surements will then eliminate the postulated dependence
of γ on the area.
Note that, to attain our goal, we only have to demon-
strate that the Immirzi parameter can be absorbed
through a constant scaling in all the steps where the dy-
namical structure enters the calculation of the entropy.
For all other considerations we simply have to apply
the results of Sec. IV, where we proved the kinemati-
cal equivalence of the Immirzi ambiguity with a change
of scale. Actually, the dynamical structure appears in
the entropy calculation only through the isolated-horizon
boundary conditions. These conditions code dynamical
information and intervene in the analysis inasmuch as
they are utilized to prove the following results [22, 23]:
1. The surface terms of the action, necessary for
a well-posed variational problem, correspond to
a Chern-Simons theory whose U(1) connection is
Wa = tr(Γar). The underline denotes the pull-
back to the spatial sections of the horizon, which
are topologically S2, and r = −irjτ j/
√
2 is a fixed
smooth function from the sphere to the Lie alge-
bra of SU(2) with tr(r2) = −1. We note that both
r and the spin connection Γa are invariant under
constant scale transformations.
72. The level k of this U(1) Chern-Simons theory is
k = A/(4πγℓ2∗), where A is the constant area of the
horizon. This level determines the overall factor in
the Chern-Simons contribution to the symplectic
structure. Notice that γ appears in k exactly as a
scaling of the universal length ℓ∗.
3. The curvature of the Chern-Simons connection is
tr(γΣabr)/(2kℓ
2
∗). Here, Σab := ηabcσ
c and ηabc is
the Levi-Civita` form-density. Since γΣab = γ
−1Σab,
we see that the Immirzi parameter appears again
as a constant scaling of ℓ∗.
Remarkably, the isolated-horizon boundary conditions
ensure in addition that there do not exist non-trivial
Hamiltonian gauge transformations at the horizon, so
that we do not have to impose the scalar constraint on
it. This means that the dynamical aspects of the mat-
ter content do not affect the physics at the horizon and,
as a consequence, the specific choice of the Immirzi pa-
rameter for the matter fields does not affect the entropy
calculation.
The only issue, purely non-dynamical, remaining in the
calculation of the entropy is counting the physical states
whose area eigenvalue Aγ(J) (in the loop representation
based on γAa) lies within the interval
A
γℓ2∗
− δ ≤ Aγ(J)
γℓ2∗
≤ A
γℓ2∗
+ δ. (5.3)
The counting is made for large A/(γℓ2∗) and assuming
that δ > 4π
√
3 (to ensure the existence of at least one
eigenvalue that corresponds to an even number of spin
insertions). Following the steps in [22], one then obtains
the entropy formula (5.2).
As we have already argued, the Immirzi ambiguity is
kinematically equivalent to a constant scale transforma-
tion. We have also seen that all the dynamical argu-
ments involved in the entropy calculation indicate that γ
appears as a constant scaling of the universal length ℓ∗,
even though the scalar constraint and hence the dynamics
in general do not support such interpretation. Therefore,
we can conclude that the appearance of the Immirzi am-
biguity in the entropy formula is equivalent to a scaling
of ℓ∗.
In our discussion, there seem to exist two length scales
which, for the time being, have been treated as indepen-
dent [19]. One of them would be the fundamental length
scale ℓ∗, which appears in front of the action and deter-
mines the Poisson bracket structure [7, 20], and hence the
strength of the quantum gravitational effects. The other
would be a low-energy length scale, which would charac-
terize the low-energy behavior of quantum gravity, and
whose square would provide the quantum of area. Let us
call this length scale the Planck length and define it as
ℓp = ℓ∗
√
γ/γ0, (5.4)
so that
S =
A
4ℓ2p
. (5.5)
Our definition of ℓp is feasible because, as we have shown,
the Immirzi ambiguity amounts to a change of scale, at
least as far as the area spectrum and the entropy for-
mula are concerned. From this point of view, fixing γ is
equivalent to fixing the effective value of the low-energy
Planck length ℓp in terms of the fundamental length ℓ∗.
Let us remember that, because the whole entropy anal-
ysis has been performed under the assumption that the
area of the isolated horizon is fixed and given a priori,
the Immirzi parameter might in principle be made de-
pendent on A, thus spoiling the linearity of the relation
between entropy and area. Fortunately, the possible ef-
fects of this potential dependence of γ on the area can
now be eliminated on the basis of a physical requirement:
when comparing low-energy and large-horizon physics for
different horizons, the comparison must be carried out by
observers that assign the same value to the Planck length
ℓp. Since ℓ∗ is a universal constant and γ0 is just a nu-
merical factor, this fixes the value of γ to be the same for
all observers and, of course, independent of the area.
VI. SUMMARY AND DISCUSSION
In this paper, we have shown that the Immirzi ambi-
guity can be described at a kinematical level in terms of
constant scale transformations. With this aim, we have
considered the Ashtekar-Barbero formulation of general
relativity coupled with fermions, a scalar field, and a
Yang-Mills field. In this framework, the Immirzi ambigu-
ity appears when one calculates the spectra of geomet-
ric operators using loop representations that are based
on different real connections for the gravitational field.
We have shown that these representations can be re-
lated via an extended Wick transform that, in addition
to introducing the Immirzi parameter in the gravitational
connection, has also the effect of multiplying the matter
momenta by the same parameter. This extended Wick
transform admits a geometric interpretation as a scaling
of the lapse function, and we have proved that it can be
completed with a constant scale transformation to reach
a symplectomorphism. In a sense, the constructed sym-
plectomorphism provides an extension of the Thiemann
transform that maps the Lorentzian to the Euclidean for-
mulation of Ashtekar gravity.
Such an extended Thiemann transform has been shown
to preserve the kinematical constraints of the system, so
that it can be viewed as equivalent to the unit transform
as far as one disregards the dynamical evolution. Based
on this fact, we have argued that the Immirzi ambiguity
in loop quantum gravity can be understood in terms of
a constant scale transformation for all kinematical con-
siderations. Indeed, the physical spectra of geometric
8operators in loop quantum gravity are affected by the Im-
mirzi parameter in a way which appropriately depends on
the dimension of the operators. The corresponding scale
transformation implies a change of conformal frame that
can be considered responsible for the quantum ambiguity.
The scalar constraint, on the other hand, is not invari-
ant under the extended Thiemann transform, and hence
the Immirzi ambiguity cannot be absorbed dynamically
into a change of scale. This can also be rephrased by
saying that the four-dimensional line elements obtained
with a constant scale transformation and with a constant
scaling of the lapse do not lead to dynamically equivalent
theories. The breakdown of this equivalence with respect
to the kinematical situation makes us suspicious of the
special role played by time in the Ashtekar-Barbero for-
mulation, which can be traced back to the time gauge
fixing that is introduced in such a formalism and the
consequent loss of a genuine spacetime interpretation for
the gravitational connection [10, 11, 12].
The Immirzi ambiguity affects one of the most out-
standing predictions of loop quantum gravity, namely,
the entropy formula for isolated horizons. The deriva-
tion of this formula involves not only kinematical but
also dynamical processes. However, the dynamical struc-
ture turns out to enter the calculation only coded in the
isolated-horizon boundary conditions. It is worth com-
menting that an analogous conclusion has been recently
reached by Padmanabhan from a completely independent
point of view [27]. He has deduced the entropy of a spher-
ically symmetric spacetime with a horizon by studying
the partition function of a canonical ensemble with fixed
temperature on that horizon. This analysis does not as-
sume that the spacetimes in the ensemble are solutions
to the Einstein equations; moreover, it is seen that the
result depends only on the form of the metric near the
boundary supplied by the horizon.
Returning to our study of the loop approach, we have
shown that, whenever the Immirzi parameter appears in
the calculation of the black hole entropy through the con-
ditions on the horizon, remarkably, it behaves in fact
as though it came from a constant scale transformation.
The remaining arguments that lead to the entropy for-
mula are strictly kinematical. It then follows from our
discussion that the Immirzi ambiguity in the relation be-
tween entropy and area can be understood as a confor-
mal ambiguity in the length scale employed to measure
large horizon areas and low-energy processes in general.
This is important because the entropy calculation is per-
formed for isolated horizons with a constant area that
is given a priori. Therefore, the choice of Immirzi pa-
rameter in the loop quantization might in principle be
made dependent on this area, and this would ruin the
possibility of deducing the Bekenstein-Hawking formula.
However, this potential dependence on the area of the
Immirzi parameter disappears if we insist that the re-
sults for different large isolated horizons be compared by
observers which agree on the value of the length scale
that controls the semiclassical gravitational effects from
the low-energy point of view, i.e., Planck length, because
the Immirzi parameter can be absorbed into this length
scale.
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APPENDIX A: SCALAR CONSTRAINT
In this appendix, we present the expressions of the
scalar constraint in terms of the Ashtekar connection and
of the real connections γAa. In the Ashtekar formulation
of Lorentzian gravity with matter fields, the scalar con-
straint is [2, 3, 7]:
S = −tr(σaσbFab) + im(σ2ξAη¯A − ρAωA)
+ i
√
2σa BA (ρBD˘aξA + ωBD˘aη¯A) + σ2Λ
+
π2φ
16π
+ 4πσ2µ2φ2 − 4πtr(σaσb)∂aφ∂bφ
+
1
8σ2
tr(σaσc)tr(σbσd)tr(EabEcd + BabBcd),
where we have employed the notation of Sec. II, m and
µ denote the masses of the fermionic and scalar fields, Λ
is the cosmological constant, and Eab = ηabcE
c, with ηabc
being the Levi-Civita` form-density.
This constraint leads to the Einstein-Cartan theory,
which is quartic in the fermionic variables. Nevertheless,
one can attain the Einstein-Dirac theory, quadratic in
fermionic fields, by simply adding to S the term [2, 7]:
Sf = − 3
16
(
y AA y
B
B + yABy
AB + yABy
BA
)
.
In terms of the real connection γAa, the scaled solder-
ing form γσa, and the canonical set of matter variables
specified by the parameter γ (here, we concentrate on the
case of interest γα = γ ∀α), the scalar constraint can be
written as follows:
S = γ2 γS + i√
2
γ(γ − 1)γY − (γ2 − 1)γZ
− i√
2
γ Datr(
γG γσa), (A1)
where Da is the derivative operator compatible with the
9triad, obtained with the spin connection Γa, and
γS := −tr(γσa γσb γFab)+ tr(γσa γσb[Γa−γAa,Γb−γAb])
+ γσ2 γΛ + iγmγσγξ′A γη¯′A +
1√
2
tr(γσDa
γy′)
+ 4π γσ2 γµ2 γφ2 − 4πtr(γσa γσb)∂aγφ∂bγφ
+
1
8 γσ2
tr(γσa γσc)tr(γσb γσd)tr(γBab
γ
Bcd)
+ γZ − i√
2
γY +
1√
2
Datr(
γG γσa),
γY := tr
(
γσa{Daγρ′ γξ′+Daγω′ γη¯′−γρ′Daγξ′−γω′Daγη¯′}
)
,
γZ := tr(γσa γσb[Γa − γAa,Γb − γAb]) + 3
16
[tr(γy′)]2
− iγmγσγρ′A γω′A −
1√
2
tr(γy′τk)tr(γσaτk{Γa − γAa})
+
γπ2φ
16π
+
1
8 γσ2
tr(γσa γσc)tr(γσb γσd)tr(γEab
γ
Ecd).
We have used the notation introduced in Secs. III and IV,
and the scaled coupling constants are γκ := γ−D(κ)/2κ.
D(κ) is equal to −1 except for Λ, whose dimension is −2.
Taking γ = 1, we see from the above expressions that
1S = S modulo the gravitational Gauss constraint. We
can hence use 1S as the scalar constraint in the real con-
nection formulation with γ = 1. On the other hand,
recalling that the different sets of canonical phase-space
variables and coupling constants parametrized by γ are
related by the extended Thiemann transform Tγ and us-
ing our definition of γS, we straightforwardly obtain that
Tγ ◦ 1S = γS. However, γS and 1S differ when γ 6= 1
even modulo the kinematical constraints, as can be easily
checked from Eq. (A1). As a consequence, the dynam-
ical structure is not invariant under the extended Thie-
mann transform. Therefore, the kinematical equivalence
Rγ ≡ Cγ1/2 is not maintained when dynamics is taken
into account.
[1] A. Ashtekar, Phys. Rev. Lett. 57, 2244 (1986); Phys.
Rev. D 36, 1587 (1987).
[2] A. Ashtekar, Lectures on Non-Perturbative Canonical
Gravity, edited by L.Z. Fang and R. Ruffini (World Sci-
entific, Singapore, 1991).
[3] A. Ashtekar, J.D. Romano, and R.S. Tate, Phys. Rev. D
40, 2572 (1989).
[4] T. Thiemann, Class. Quantum Grav. 13, 1383 (1996).
[5] A. Ashtekar, Phys. Rev. D 53, 2865 (1996).
[6] G.A. Mena Maruga´n, Gravitation Cosmol. 4, 257 (1998).
[7] L.J. Garay and G.A. Mena Maruga´n, Class. Quantum
Grav. 15, 3763 (1998).
[8] J.F. Barbero G., Phys. Rev. D 51, 5507 (1995).
[9] C. Rovelli, Living Rev. Relativ. 1, 1 (1998), gr-
qc/9710008.
[10] G. Immirzi, Nucl. Phys. B (Proc. Suppl.) 57, 65 (1997);
Class. Quantum Grav. 14, L177 (1997).
[11] S. Alexandrov, Class. Quantum Grav. 17, 4255 (2000);
Phys. Rev. D 65, 024011 (2001); gr-qc/0201087; S.
Alexandrov and D. Vassilevich, Phys. Rev. D 64, 044023
(2001); N. Barros e Sa´, Int. J. Mod. Phys. D 10, 261
(2001).
[12] J. Samuel, Class. Quantum Grav. 17, L141 (2000).
[13] C. Rovelli and T. Thiemann, Phys. Rev. D 57, 1009
(1998).
[14] J. Samuel, Phys. Rev. D 64, 048501 (2001).
[15] G.A. Mena Maruga´n, Class. Quantum Grav. 19, L63
(2002).
[16] A. Corichi and K.V. Krasnov, Mod. Phys. Lett. A 13,
1339 (1998).
[17] R. Gambini, O. Obrego´n, and J. Pullin, Phys. Rev. D
59, 047505 (1999).
[18] M. Montesinos, Class. Quantum Grav. 18, 1847 (2001).
[19] M. Rainer, Gravitation Cosmol. 6, 181 (2000).
[20] K. Krasnov, Class. Quantum Grav. 15, L1 (1998).
[21] A. Ashtekar, J. Baez, A. Corichi, and K. Krasnov, Phys.
Rev. Lett. 80, 904 (1998).
[22] A. Ashtekar, J.C. Baez, and K. Krasnov, Adv. Theor.
Math. Phys. 4, 1 (2001); T. Thiemann, gr-qc/0110034.
[23] A. Ashtekar, A. Corichi, and K. Krasnov, Adv. Theor.
Math. Phys. 3, 419 (2000).
[24] This extended Wick transform should not be mistaken
for the Thiemann transform [4, 5], which is sometimes
referred to as the generalized Wick transform.
[25] Our notation does not make distinctions between fields
that depend on the different time coordinates correspond-
ing, respectively, to the original and scaled lapses N and
Rγ ◦N . This differs from the notation adopted in Ref. [7],
where Euclidean and Lorentzian fields were distinguished
for the case of the Wick rotation.
[26] A. Ashtekar and J. Lewandowsky, Class. Quantum Grav.
14, A55 (1997).
[27] T. Padmanabhan, gr-qc/0202078; gr-qc/0202080.
